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Abstract—The finite element technique is applied to functionals which govern dynamical problems, where time is

an independent variable.

The present paper demonstrates improved accuracy in mass-spring-damper syslems and exemplifies “‘rendevous
problems” of a “wravelling” particle in a medium. The motion is governed by Hamilion's principle. The time

interval is fixed.

Functionals are constructed from Hamilton's extended principle and appropriate conditions stating the various

constraints.

Initial value problems may be incorporated by writing a functional in accordance with Gurtin's method.

Shape functions are polynomials in time and can be extended to other spatial variables when present.

As a result of a variation 1o the functional, a system of algebraic (not necessarily linear) equations is formed.
This system is solved simultaneously to yield its motion within the Boundaries of the given ume interval.
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closed form solution

Hamiliton's principle with finite elements
Runge-Kutta's solution

second functional with finite clements
velocity's power

time derivation

veclor

clements independent parameters at the nodes

that belongs to an element

element’s nodes

convolution product

variational operator

time step

damping coefficient

nonconservative external force

impulse

gravity acceleration

spring coefficient

the Lagrangian; L=T~-V

mass

shape function

power of particle’s velocity when introduced in
Hamilton's principle; A = 1/2 (VP-1)

generalized coordinate

particle’s velocity

time

time limits at the origin and final time interval

system’s kinetic energy

sysiem's potential energy

coordinates

Greek symbols
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functional

normalized time

natural frequency

specific damping coefficient; w, = Bim
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INTRODUCTION

In a fnite clement analysis for time  dependent
phenomena, a variation is usually applied to the spatial
approximations of the dependent variables [1-3], yielding
a system of ordinary differential equattons in time which
yield an initial value problem. Solutions to such systems
are well documented.

Fried[4) used Hamilton's principle to develop a pro-
cedure which can be regarded as a generaiization of the
step-by-step method for integrating the dynamic equation
of motion. Vance and Sitchin[S5) received a system of
recurrence equations using the finite differences method,
and by imposing Lagrange multipliers into Hamilton’s
principle.

Papers dealing with the question of whether Hamil-
ton’s principle is an extremum principle, were presented
by Leitmann(6], Smith, D. R. and Smith, C. V.[7]. Gurtin
in his papers(8, 9] extended the application of variational
method by showing how initial conditions may be in-
corporated explicitly in the variational formulation of a
problem, the limitation of his method being that only
linear problems can be dealt with. Sandhu and
Wilson[10] had applied the finite element method to
functionals of Gurtin's method for fiuid flow in porous
media.

The present method includes the time variable in the
functional 10 be varied. Boundary conditions at both ends
of the time interval are given. The entire time interval (the
only independent variable at the present work) is also a
given parameter.

Applying the finite element technigue to a given
functional, a differential formulation, that of searching an
extremum to a4 function of several variables is obtained.

In contrast to initial value problems techniques, here a
system of algebraic equations is derived from Hamil-
ton's extended principle. The system is solved simul-
taneously. This fact prevents an accumulation of round-
off errors.

Various constraints, when presenl. are imposed as
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appropriate additions to corresponding equations of the
system.

An example showing an application of the present
method to a Gurtin type functional will be shown later
on.

For some e¢xamples that were illustrated, a comparison
was made between: (1) the closed form solution; (2) a
solution tased on the Runge-Kutta method; (3) a solu-
tion derived from a functional not identical to Hamilton's
extended principle.

For the problems that were solved it was demonstrated
that applying the finite element method to Hamilton's
principle (being a stationary principle) gives better cor-
relation to the closed form solution than using either the
Runge-Kutta method, or the solution which was
generated in Step (3) above.

The work done here is based on the M.Sc. research
thesis of the first author {11} which was performed during
the year 1975.

DYNAMICAL SYSTEMS
Hamilton's extended principle states that{5}:

51=5ﬂ Ldz+£ (2 f,aq,)d:- m

noting that the variation is not applied to non-con-
servative external forces [12}. Equation (1), due to the
fact that not all of its parts underwent a variation, is not
an extremum of J. Adding the expression, [(X.f,6q,)d!,
Hamilton's extended principle may be regarded as a vir-
tual work principle.

Leitmann[6] presented for certain types of field
differential equations, functionals such that when varia-
tion is applied 1o all of their expressions the field equa-
tions result. A finite element desecretization for ap-
proximating generalized coordinates in the element
would be:

qe=ge = N_ET“)Q_E'- v)]
Two degrees of freedom at each element’s node yields:
9" =g g1, 4 q-‘_"]-r’ 3
Normalizing shape functions so that each one equals
unity at the correspondent element’s node and zero at the
second node, yields third degree polynomials:

Ng = [N, N2, N;, N;, Na]T

=[(1-37%+2+%, 37° =21,

Aer{l - 1) - Apr®(1 - 1))7 @
=
Ap=ti., — 1 T“‘A'—El-

Inserting the finite element desecretization into the
functional yields a function with several independent
variables, as many as the number of degrees of freedom
which are imposed on element’s nodes. For two degrees
of freedom, we have:

J=J(4s. 4. 1). 8]

Proceeding with the variation, a formulation that of
searching an extremum is obtained:

©

by which a system of algebraic equations is formed.

ILLUSTRATIVE EXAMPLES

(1) Mass spning and damper system
The functional in accordance to Hamilton's extended
principle would be:

J=im j U -wi Qe hrdl )
10

Not using Hamilton’s principle a second accurate func-
tional would be [7}:

L= % m I ! e (42 - wix?)de. (8)
10

Following egqns (5) and (6), with finite clement de-
scretization, a system of two algebraic equations for each
element’s node (k) would then be:

_a_]_l I T ¢ T -
(ax‘ =a: [ NN - wNT)
-w’N™x ’NT]—df-O
©
ﬂl) - Il NT ' (NT - T
(ai‘ =B [ (NG - 0N")
- w'NTx*NT] —df =0
and for the second functional:
(3-12 _A f -|(Ap0q)[NT cNT
axy
— o NTxNT) K 4 =0
Xy
(10)
(312 _A f ..(Apbu)(NT aNT
aI‘
—szT ‘NT)—"df-o.

Letting j = k and j = k — | intermittently, yields a system
of linear algebraic equations that involve parameters
about nodes k-1, k, k+1.

Integrating the recurrence system formed by Hamil-
ton's extended principle, eqns (9), and letting:

AmAp =4 =t )= loy— b, Ap €1

yields:

(a_-") =Xk¢|‘zx‘ +X‘.l=0 (ll)
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a.
(K‘{:)E=Xk¢|‘xk-|=0. “2)

Multiplying eqn (12) by } yields the Taylor expansion for
Xis) and x,_, as functions of parameters about the node
k.

BB = K Xwy ~ Xiy) ]
jkA:=XA—|'2XA+X... 13

Equations (13) are used as finite difference schemes that
stand for the appropriate expressions in the equations of
motion.

The foliowing figures describe various examples that
were solved using various combinations of boundary
conditions. Curves that describe the difference from the
closed form solution were observed to yield the follow-
ing conclusions:

(a) Solution based on Hamilton's principle.
(1) Difference curves restrain faster to the line of zero

difference, in as much as the damping coefficient grows
up (Figs. 2¢, d).

(2) When no damping is imposed, difference curves are
limited within fixed limits (Figs. Ic, d, 4c, d).

(3) A very good correiation is noticed between the
difference curves and the closed form solution curves
(Figs. Ic. d, 4¢c. d).

Stability and convergence are due to the fact that the
system of equations is solved simultaneously within the
entire time interval.

(b) Solution based on a functional such that all of its
variables are vaned.

(1) Imposing damping yields a change in correlation
between the difference and the solution curves. For high
damping coefficients a great deviation, from the line of
zero difference, occurs at the first time steps (Figs. 2e, ).
Such a phenomenon is explained because of the expres-
sion ¢* in the process of numerical integration an ac-
cumulation of round-off errors is posed inasmuch as that
exponent's power grows up.
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Fig. 1(a,b). Mass and spring-solution curves. (c,d). Mass and spring-difference curves. (e,f). Mass and spring-
difference curves.

(c) Solution based on Runge-Kutta's method. tions defined about each element’s node:
Initial values received {rom the closed form solution

had been used as input data. The difference curve shows ("_-’) =Ap j' NTx (N7 - w,[(NTx*)
E . (/]

an instability nature and it rcaches higher deviations, aXy

from the line of zero difference, compared to the difference qTonanTy 9% o o

curves of the present method (Figs. le, f). +(NTY )TN }31. dr=0 (15.1)
- (2) Motion of a pantical in a gravitation field, when drag (ﬂ_) =Ap I' NTx*NT - o [(R7x)?

proportional to any power of its velocity is present X/ o

Hamillon's extended principle yields: +(ﬂry‘)’]‘Nr}%:.:d-r=0 (15.2)
k
Y
s=im [ 18728y 20 "0t + gyt (19 .
: (Z) =a [ fryfi - wi@mey
Inserting a finite element desecretization, egn (2), for Y/ E 0

each directional coordinate, and in accordance with egns oT ety Ty Y A j' N 4r=0 (153)
{4)6), vields the following system of nonlinear equa- +(NTy VTN }ay. dr EJo I
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Fig. 2. (a, b) Mass, spring and damper-solutions curves. (¢, d) Mass, spring and damper-difierence curves. (¢, f) Mass,
’ spring and damper-difierence curves.

8
O-J
—
=
=2
u_]\
&
ce
(%‘?J g 3
og ‘4
8 /.4
'0.00 2,00  4.00 6.00 B8.00  10. } 00
TIME .
{a) L2100
(a

40.00

20.00

VELOCITY

N

-20.00 0.00

0.00 2,00  4.00 6.00 8.00 _10.
TIME
{b)

Fig. 3. Adding periodic impulse to a mass, spring and damper system.




o

Y ES e ——— o ne o v - S S ——

- e e e

Finite-element technique for solving problems formulated by Hamillon's principle 539
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Letting j = k and j = k— | intermittently, yields a sys-
tem of nonlinear recurrence equations that involve
parameters about nodes k~1, k, k+1.

Following are figures that illustrate some exampies
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that had been solved. A comparison was made between
solutions based on the present method and closed form
solutions for various boundary conditions. For ;=0
and A=0 (Figs. 4a, b, 5a, b), and a motion along a
trajectory, by ascribing &y <1 along the particle path
(Figs. 6a, b).

(2) Extension to initial value probiems:
Gurtin in his work presented a method of deriving a
variational principie to linear differential field equations

Fig. 5. Particle’s motion for a first order velocity power.
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where initial and boundary conditions are incorporated
explicitly in the functional. The nature of solution for an
initial value problem is a step-by-step process in time.
The present method can be applied to functionals in
accordance with Gurtin's method to evaluate time vari-
ables after each time step. For means of illustration, let
us consider a mass spring system. The motion equation
would be:

mX=kx=0 (16)

where initial conditions are:
x(t=0)=x,
2(1=0)= u. an
Following Gurtin's method a functional ascribed between
limits of a time step would be

J=J'm[x-x+wzt-xcx—2(Xo+“°"x)d' (13)
t : .

where the convolution product (#) is ascribed to the same
time step limits.

Inserting the finite element desecretization, eqns (2)-(4),
and following the procedure prescribed by eqns (5) and (6),
yields a ‘system of two algebraic equations about each
element’s node:

Y _ ' UNTy?
(a—xk)E-AEJ; {1+ wi(rhe + t)eJNTx)

X0+ ol rAg + m]}:(n’ji) dr=0
Xk

aJ

ax,

(

) =4k J” {[1+ @’ (r85 + L)*XN"x)
E 0

~fxo+ uol7dg + r.)l)-(N’j—;l) dr=0. (19)

Leuing J = k yields a system of recurrence equations that
involve parameters about nodes k, k+ 1, which in fact
indicates a time step to where all evaluations are valid.

CONCLUSIONS

The present method proved to give good correlation to
a closed form solution when applied to Hamilton's
extended principle. Applying the numericai analysis to
Hamilton’s principle, though it is a stationary principle,
reached better numerical convergence and stability when
compared to attacking the complete variational principie
governing the same dynamical system.

For a solution which describes an added instantaneous
phenomenon to the dynamical system, a simple process
of adding the proper expressions to the system of equa-
tions was utilized. The present method may be applied to
any functional which includes time as one of the in-
dependent variables. It can be worked out as a per-
manent routine for problems defined by governing func-
tionals.

For boundary value problems, where a governing
functional can be written, known routines such as
Runge-Kutta are cumbersome to apply. Yet working out
the problem with the present method is straightforward.

The present method can be applied to more than one
independent variable. In such a case time will be one
among other coordinates which define the element struc-
ture, extending all nodal points uniformly into the time
dimension.
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